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a b s t r a c t
We perform converged high precision variational calculations to determine the frequencies of a large
number of vibrational levels in S0 D2CO, extending from low to very high excess vibrational energies.
For the calculations we use our speciﬁc vibrational method (recently employed for studies on H2CO), consisting of a combination of a search/selection algorithm and a Lanczos iteration procedure. Using the
same method we perform large scale converged calculations on the vibrational level spectral structure
and fragmentation at selected highly excited overtone states, up to excess vibrational energies of
17000 cm1, in order to study the characteristics of intramolecular vibrational redistribution (IVR),
vibrational level density and mode selectivity.
Ó 2012 Elsevier B.V. All rights reserved.

Introduction
Formaldehyde H2CO is one of the most popular polyatomics,
whose ground electronic state S0 vibrational structure has been
studied spectroscopically up to quite high excess vibrational energies (Ev) [1–7]. The exact vibrational kinetic energy operator (KE) of
formaldehyde was ﬁrst derived by Handy already in 1987 [8]. For
this reason and others formaldehyde has served for many years
⇑ Corresponding author. Fax: +359 2 975 36 32.
E-mail address: rashev@issp.bas.bg (S. Rashev).
1386-1425/$ - see front matter Ó 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.saa.2012.05.056

as a testing ground for many variational, perturbative and algebraic methods for vibrational calculations [9–23], that were also
aimed at deriving a precise and reliable potential energy surface
(PES) [9,14,16,23].
Recently we developed a speciﬁc vibrational variational calculation method [24,25], that was based on the exact KE expression [8]
and a PES which had to be presented in separable (factorized) form.
In a ﬁrst application of this method to formaldehyde H2CO [25],
using the realistic (albeit not spectroscopically correct) Martin,
Lee, Taylor (MLT) quartic PES [26], we were able to perform
converged high precision calculations on the vibrational level
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structure and IVR behavior of a large number of vibrational levels,
including highly excited overtone levels at energies up to
Ev  17000 cm1, where the vibrational level density is quite high.
Formaldehyde D2CO has the same PES as H2CO (within the
Born–Oppenheimer approximation), but a substantially different
KE operator, in which the H mass is replaced by D. In contrast to
H2CO, for S0 D2CO few experimentally measured frequencies are
available in the lower Ev range [2,27–29]. However this situation
is reversed at the very high Ev  28300 cm1 (close to dissociation
threshold). Indeed, using Stark level crossing spectroscopy, Polik
et al. [30] have been able to register the D2CO S0 vibrational level
structure in this energy range, whose density was found to exceed
by a factor of six the expected value, estimated using standard level counting techniques. (While the single vibrational levels of
H2CO in this energy range could not be resolved, and their density
not estimated, probably due to their large and overlapping dissociative widths [30]). This observation raised serious questions,
since the vibrational level density is known to be an important factor in the interesting photophysical and photochemical behavior of
D2CO – namely IVR, monomolecular dissociation D2CO ? D2 + CO
and intersystem crossing (ISC) T1 ? S0 in this energy range, which
was found to be quite different from that of H2CO [30–32].
Concentrating on the IVR issue it must be noted, that this observed density is the vibrationally coupled density, which may be
only part of the entire available density, if IVR is not complete in
this energy range. Indeed, it has been demonstrated for a number
of molecules, that IVR may be restricted and well isolated bright
(edge) states may exist up to very high Ev (and even above the dissociation limit) [33–36].
Since both molecules have essentially the same PES (disregarding nonadiabatic coupling effects), all differences in their photophysical and photochemical behavior should be almost entirely
due to the different masses in their KE operators. In this respect
it may be interesting and instructive to study the vibrational structure and IVR character of vibrationally excited feature states in
D2CO, as high as possible in Ev, and to compare them with the
H2CO results, obtained in our recent work [25], using the same
PES of MLT[26]. Our vibrational method is suitable for such studies
because it yields both the dilution factor r [37] as well as the vibrationally coupled level density at the selected highly excited feature states, that are both useful monitors for the extent of
vibrational fragmentation and IVR. Recently, Pasin et al., using
the Davidson and Multi conﬁguration time dependent Hartree
(MCTDH) algorithms, have studied vibrational structure and IVR
behavior in highly vibrationally excited HFCO [38] and DFCO
[39], and found them to be substantially different.
Our aim in this work is twofold: ﬁrst, we calculate exact frequencies for a large number of S0 D2CO vibrational levels in the
lower range of Ev (up to 4500 cm1) and compare our results with
the existing experimentally measured values as well as with calculations by other authors. These extensive data may be useful for
assignments of future experimental spectroscopic measurements.
Second, we present the results from our converged calculations
on some very highly excited overtone levels of the m2(C-O stretch)
and m4(out-of-plane bend) modes, in order to study (and compare)
their spectral structure as well as the surrounding vibrational level
densities, as an indication of their IVR characteristics. We note that
the converged vibrational calculations at the higher Ev in D2CO are
a greater challenge than for H2CO, since the vibrational level density in D2CO grows more steeply with Ev (because of the lower fundamental frequencies).
This work is organized as follows. In section ‘Vibrational Hamiltonian, basis set functions, search/selection procedure and Lanczos iteration’ we give a brief description of the technical features
of our method (vibrational coordinates and Hamiltonian, vibrational basis set, search/selection algorithm and Lanczos iteration),

that has been described in greater detail in our recent work on
formaldehyde H2CO [25]. Next, in section ‘Vibrational calculations’
we describe the results from our calculations on a large number of
D2CO vibrational levels, in the range up to Ev  4500 cm1. We also
present and discuss the results from our large scale calculations on
the vibrational structure and IVR characteristics of highly excited
m2 and m4 overtone states up to Ev  17000 cm1 and compare them
with our recent results on H2CO. section ‘Conclusions’ contains our
conclusions from the results of the calculations.

Vibrational Hamiltonian, basis set functions, search/selection
procedure and Lanczos iteration
For the KE of D2CO we use the expression of Handy [8], in terms
of his curvilinear coordinates qk (three bond stretches, two interbond angles and one dihedral ‘‘book’’ angle). Next for the PES of
S0 formaldehyde, we use the original ab initio MLT quartic ﬁeld
[26]. Despite the fact, that this surface does not give spectroscopic
accuracy, we have chosen to work with it (at this stage) because it
is both realistic and very suitable for our vibrational method,
allowing the calculations to access very high Ev, where IVR may
be explored.
Our 6D basis functions are products of 6 1D basis functions,
Q
Wi ¼ vnk ðqk Þ. Alternatively in state space, we denote the basis
functions as |n1,n2,n3,n4,n5,n6; Si, where S is the symmetry species
(we work with symmetrized Wi functions). Our basis functions are
chosen to resemble most closely the lower excited molecular
vibrational eigenfunctions so that the nondiagonal Hamiltonian
matrix elements be as small as possible. For the three stretching
coordinates of the C–D1, C–D2 and C–O bonds, we employ Morse
oscillator eigenfunctions vnk ðqk Þ, k = 1,2,3 nk = 0,1, . . ., nk0 that are
optimally adapted to the relevant molecular motions, by setting
appropriately the two parameter values of the Morse oscillators.
For the out of plane bend, we employ harmonic oscillator eigenfunctions vn4 ðq4 Þ [q4 = / – the out-of-plane bend (‘‘book’’) angle].
Finally, for the two O–C–D(h) bends (coordinates q5 = cosh1,
q6 = cosh2), we use a set of normalized associated Legendre polynomials , n = 2,3, . . ., that cancel the singularities in the KE operator.
However, since they have no free parameters to adjust and are
not well adapted to the molecular vibrations, for them we apply
a prediagonalization of the 1D basis (using a simple 1D Hamiltonian) in order to obtain suitable 1D basis functions as linear combinations of the original wavefunctions. This procedure was
described in detail in our previous work [25].
Our speciﬁc search/selection procedure for constructing the
Hamiltonian matrix H in a vibrational calculation, involves the
intermediate calculation of a great number of Hamiltonian matrix
elements (that are employed to test whether a state should be selected or not), greatly exceeding the ﬁnal number of elements in H.
Therefore we need a very fast method for calculation of matrix elements that does not include numerical integrations. For this purpose, prior to each actual vibrational calculation, we compute a
number of 2D arrays Pi;mai i;ni hvmi ðqi ÞjF ai ðqi Þjvni ðqi Þi, mi,ni = 0,1,2, . . .,ni0,
corresponding to all vibrational coordinates qi and each function or
operator F ai ðqi Þ, occurring in either KE or PES expressions, using
either Gauss–Hermite, Gauss–Laguerre or Gauss–Legendre numerical integrations [40], where ni0 is the number of basis functions
employed for the vibrational coordinate qi. All computed ni0  ni0
arrays are stored in computer core memory, ready to use in the
subsequent matrix elements calculations. As a result of this and
of the separable forms of the KE and PES, each matrix element is
ai
obtained as the sum of products of the appropriate P i;m;n
values, thus
reducing the actual calculation to a number of multiplications and
summations and no integrations, which greatly accelerates the calculation of matrix elements.
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Our search/selection procedure, serves to select an optimally
small however representative active space (AS) of basis states, that
are most relevant to the particular vibrational calculation. The aim
of our search/selection procedure is the same as the alternative,
widely applied in the literature methods for truncation, sequential
diagonalization-truncation and energy selected bases techniques
[12,13,17–20,41,42], namely to select a small AS from a huge primitive space (PS). The search/selection procedure employed here, described in detail in our work [25], is similar to the artiﬁcial
intelligence based techniques, developed earlier [43–47]. It is
based on the distance D in state space. A search/selection procedure is started from a particular basis (feature) state |0i, chosen
to be the best zeroth-order representation of the vibrational levels
to be calculated (e.g., for calculating the vibrational level structure
at the 5th C–O stretch overtone, we choose |0i = |0,0,6,0,0,0;A1i).
The algorithm is symmetrically adapted to search and select only
such basis states whose symmetry coincides with the symmetry
species of the initial state |0i. Starting with |0i (as the ﬁrst state
in the AS), the search proceeds to probe ﬁrst the neighboring
(D = 1) and next further and further removed (D = 2,3, . . .) basis
states |ki in state space, for their coupling strength to |0i. Each
state that satisﬁes the criteria for sufﬁcient coupling strength (to
be speciﬁed below) is selected and consecutively added to the previously selected AS. The probing is done on the basis of an evaluation function fk that is calculated for each probed state in the
search. All selected basis states |0i, |1i, |2i, . . . are stored in an array
in computer core memory together with their fk values. After |0i,
the search is conducted in turn on the row of all previously selected states |1i, |2i, |3i, . . ., leading to the eventual selection of
more states. Simultaneously the Hamiltonian matrix is being built,
containing the diagonal and nondiagonal matrix elements of all basis states selected so far. The procedure is terminated at the point
when, in conducting the search on the last selected state no new
states could be selected, according to the criteria of the search.
The three parameters of the search, whose values have to be
ﬁxed at the outset, are deﬁned as follows. R is an energy window
(around the initial state |0i), whose value is usually chosen as
1000 cm1 or larger. Its purpose is to discourage the selection of
states that are too far displaced from |0i. Another parameter of
the search is f, the minimum value for the evaluation function fk
of a probed state |ki, to be selected (f is usually chosen as 1010 or
smaller). The initial state of the search |0i takes f0 = 1 and all subsequently selected states obtain smaller and steadily diminishing fk.
When a previously selected (parent) state |ni has energy En and
evaluation function fn, then the evaluation function fk of a probed
state |ki at energy Ek is calculated as: fk = fn  Ckn  |R/(Ek–E0)|2,
where Ckn = |hn|Hvib|ki/(En–Ek)| (Ckn is set to 1 if it exceeds 1). Ckn
is compared to the value of C, which is the third parameter of the
search (normally we set C = 109 or smaller). When Cnk > C and
fk > f, the probed state |ki is selected. According to the values chosen
for the three parameters C, f and R, the search/selection procedure
will select a varying number of basis states, i.e., include more and
more weakly coupled basis states into the selected AS, which will
result in enhanced accuracy and convergence in the calculation of
the desired molecular vibrational levels.
Our PS for S0 formaldehyde is characterized by following limiting numbers of basis states for the individual coordinates:
n0,1 = n0,2 = 16 (CD stretches), n0,3 = 16 (CO stretch), n0,4 = 38 (out
of plane bend), n0,5 = n0,6 = 28 (DCO bend). This gives a PS dimension of 122,028,032 states, while the states of a particular symmetry species will be 1/4 of this value. Our AS dimensions range
from N  5000 to larger than 100000, ensuring a convergence of
0.01 cm1 for the lower excited levels and 0.1 cm1 for the highest excited ones (at 17000 cm1). The Hamiltonian matrix H constructed in the course of the search/selection procedure, besides
being optimal in size, is also quite sparse, because the algorithm

113

employed automatically discards the matrix elements that are
too small according to the criteria of the search. As a result, the actual number of nonzero Hamiltonian matrix elements never exceeds 100  N, where N is the dimensionality of the AS and of
H. The sparsity of the obtained Hamiltonian matrix allows it to
be stored in computer memory not as a 2D but as a 1D array,
including only the nonzero matrix elements. This storage is both
memory efﬁcient as well as greatly accelerating the matrix  vector multiplication, which is the most time-consuming step of the
Lanczos iteration.
For the tridiagonalization of H we employ a conventional Lanczos iteration without reorthogonalization [47,48], started again
with the vector |0i.We diagonalize the obtained tridiagonal Lanczos matrix using the routine tqli() from Numerical recipes [40].
This latter routine has been modiﬁed to yield the eigenvalues Ei
and only ﬁrst component Ci of each eigenvector |ii. Usually we perform 2N Lanczos iterations. We have found that this is enough to
obtain all the important eingenvalues, whose |Ci| values are substantial. We do not remove the spurious eigenvalues, because we
only need selected eigenvalues, that converge well and can be easily identiﬁed by having the largest overlaps |Ci| with |0i. In general,
in a vibrational calculation we not only obtain converged eigenvalues Ei and coefﬁcients Ci for all levels in the energetic vicinity
of the initial level |0i, but also for all the levels at lower energies.
We note, that an alternative basis set ﬁltering procedure using
the Lanczos algorithm was employed by Callegari et al. [49] to
study the IVR characteristics at CH overtone states in larger molecules like pyrrole and 1,2,3-triazine.
Provided that |0i is the only ‘‘bright’’ basis state (i.e., carrying
oscillator strength) in the spectral range of interest, the spectral
distribution Ci(Ei)2 represents the absorption spectrum. The characteristic features of this spectrum (width of the spectral distribution, density of spectral lines) are indicative of the extent of
vibrational mixing and vibrational fragmentation around |0i. The
dilution factor r [37] is a good measure of the vibrational fragmenP
4
tation around |0i and is given by the expression: r =
k|Ck| [36].
–1
In fact, Neff = r denotes the average number of vibrational eigenstates that are effectively intermixed with (coupled to) the feature
(or ‘‘bright’’) state |0i, i.e., it represents the extent of vibrational
mixing around |0i. Another monitor of the extent of vibrational
fragmentation around |0i could be the magnitude of the observed
local (effective) vibrational level density qeff, because it includes
only those eigenstates, that have substantial |Ci| values and hence
substantial vibrational mixing with |0i.

Vibrational calculations
We have calculated the frequencies of most D2CO vibrational
levels in the lower Ev range, up to Ev  4500 cm1. These results
were converged to better than 0.01 cm1. As in our recent work
on H2CO [25], we have performed careful convergence tests, by
varying the values of the search parameters, that resulted in
including more weakly coupled basis states into the selected AS.
Table 2a illustrates the convergence of the calculated frequency
2m5 (ﬁrst overtone of the CD stertch) with increasing active space
dimension N. Thus we have established, that when using the
parameter values R = 1500 cm1 and C = f = 1012, our calculated
results for these lower excited vibrational levels were correct to
0.01 cm1. In the lower Ev range considered here, each search performed with the above parameter values, selected about N  5000–
10000 states.
In this energy range the vibrational level structure is quite
sparse and assignments do not present a serious problem. Some
of these frequencies have been calculated before by other authors
[26]. As pointed out above, at present there exists very limited
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Table 1
Calculated fundamental, overtone and combinational vibrational level frequencies[in
cm1] in the lower range of vibrational excitation energies (up to 4500 cm1) of S0
D2CO, using the MLT quartic PES. Also given for comparison are the existing
experimentally measured frequencies as well as calculated values by MLT themselves,
using their own PES.
State

Our
calculation

Experiment

Calculated by MLT
[26]

m4(B1)
m6(B2)
m3(A1)
m2(A1)
2m4(A1)
m4 + m6(A2)
2m6(A1)
m3 + m4(B1)
m3 + m6(B2)
m1(A1)
m5(B2)
m2 + m4(B1)
2m3(A1)
m2 + m6(B2)
m2 + m3(A1)
2m2(A1)
3m4(B1)
2m4 + m6(B2)
m4 + 2m6(B1)
3m6(B2)
m3 + 2m4(A1)
m3 + m4 + m6 (A2)
m3 + 2m6(A1)
m1 + m4(B1)
m4 + m5(A2)
m1 + m6(B2)
m2 + 2m4(A1)
m5 + m6(A1)
m2 + m4 + m6 (A2)
2m3 + m4(B1)
2m3 + m6(B2)
m2 + 2m6(A1)
m1 + m3(A1)
m3 + m5(B2)
m2 + m3 + m4 (B1)
m2 + m3 + m6 (B2)
3m3(A1)
m1 + m2(A1)
m2 + m5(B2)
2m2 + m4(B1)
4m4(A1)
m2 + 2m3(A1)
2m2 + m6(B2)
3m4 + m6(A2)
2m4 + 2m6(A1)
m4 + 3m6(A2)
2m2 + m3(A1)
m3 + 3m4(B1)
4m6(A1)
m3 + 2m4 + m6 (B2)
m1 + 2m4(A1)
m3 + m4 + 2m6 (B1)
2m4 + m5(B2)
m3 + 3m6 (B2)
m1 + 2m3(A1)
3m2(A1)
m1 + m4 + m6 (A2)
m2 + 3m4(B1)
m4 + m5 + m6 (B1)
m1 + 2m6(A1)
m5 + 2m6(B2)
2m3 + 2m4(A1)
m2 + 2m4 + m6 (B2)
2m3 + m4 + m6 (A2)
2m3 + 2m6(A1)
m1 + m3 + m4 (B1)
m2 + m4 + 2m6 (B1)
m1 + m3 + m6 (B2)
2m1(A1)

941.51
987.60
1107.66
1701.79
1872.83
1936.22
1979.26
2049.64
2080.18
2061.84
2159.52
2637.31
2215.89
2688.25
2806.70
3386.03
2794.86
2867.98
2927.98
2962.86
2980.42
3023.07
3052.61
3005.26
3092.67
3053.49
3562.66
3148.34
3626.83
3158.45
3173.28
3670.32
3156.77
3265.11
3742.53
3775.14
3325.20
3758.51
3857.41
4315.85
3707.96
3911.76
4372.98
3789.87
3860.01
3917.45
4487.38
3901.67
3944.70
3951.41
3935.81
3999.71
4026.73
4014.94
4250.94
5083.72
3998.95
4478.43
4089.19
4036.73
4138.14
4088.58
4552.83
4116.14
4137.41
4099.06
4613.48
4138.14
4091.90

938.04 [28]
989.25 [28]
1105.7 [2]
1701.6 [2]
1870.47 [27]
1930.03 [27]
1977.87 [27]
2038.91 [27]
2072.67 [27]
2054.69 [27]
2162.92 [27]
2634.7 [29]
2201.73 [27]
2685.7 [29]

939.7
990.3
1105.7
1702.6
1871.3
1932.7
1976.8
2045.4
2078.9
2063.3
2157.8
2635.6
2211.3
2687.0
2805.1
3390.2

2790.8 [29]
2860.8 [29]

2999.1
3085.6
3048.3
3149.3

3148.9
3258.5

3762.3
3855.9

4098.1

Table 1 (continued)
State

Our
calculation

m2 + 3m6(B2)
m3 + m4 + m5(A2)
m1 + m5 (B2)
m2 + m3 + 2m4 (A1)
m3 + m5 + m6 (A1)
m2 + m3 + m4 + m6

2962.86
4200.81
4177.73
4667.54
4250.94
4712.62

(A2)
2m5(A1)

4296.91

Experiment

Calculated by MLT
[26]

4170.6

4287.4

experimentally measured data for the D2CO vibrational levels and
in addition the frequencies measured by different authors vary by
several wavenumbers. All calculated frequencies in this energy
range with their assignments, together with the results from previous calculations and experimentally measured data where they exist, are displayed in Table 1.
It is interesting to compare the presently calculated D2CO frequencies with the results of MLT themselves, using the same PES
(also displayed in Table 1). From Table 1 it can be seen, that up
to 3000 cm1, most calculated results by MLT [26] are within
2–3 cm1 of our present (exact) values. The calculated frequencies
by MLT above 3000 cm1 are seen to diverge by up to 8 cm1
from our results. This disparity is expected to increase at the higher
excited levels, but there are no calculated results to compare our
results with, in this energy range.
When we compare our calculated frequencies with the available experimentally measured data for D2CO (not exceeding
Ev  3000 cm1) [2,27–29], we ﬁnd that the differences range from
almost exact coincidence to 7–8 cm1, and even 11 and 14 cm1
for the m3 + m4 and 2m3 states, respectively. This shows that our calculated frequencies displayed in Table 1 may prove useful for future assignments, when more experimentally measured data at
the higher Ev become available.
Next, we have carried out converged calculations on some
highly excited vibrational levels of S0 D2CO up to 17800 cm1,
that are overtones of the m2-CO stretch and the m4-out-of-plane
bend. Both progressions nm2 and nm4 have been calculated for
D2CO to considerably higher excitation quantum numbers n than
for H2CO. For these levels neither previous calculations nor experimentally measured data exist. For each separate calculation, the
initial state |0i of the search has been chosen as the appropriate basis overtone state, e.g., for the 17m4 overtone state we set: |0i =
|0,0,0,17,0,0;B1i. For these calculations we have performed careful
convergence tests, by varying the parameter values of the search.
Two examples for the convergence of vibrational levels in the higher excited energy range are displayed in Table 2b and c. These tests
have shown, that the values R = 1500 cm1, C = f = 1012, are appropriate for these higher excited levels too, but now the selected active spaces were in the range of N  60000–120000. Using these
parameter values and performing 2N iteration steps, all calculated
spectral line positions in a window of 1500 cm1 width around
the energy of |0i, as well as all intensive lines at energies below
|0i, were converged to within a few 0.1 cm1. From the obtained
reliable spectral picture of all vibrational levels in the considered
energy window that are involved in substantial vibrational coupling with the feature state |0i, we can count the ‘‘effective’’ vibrational level density. This density was found to be mode speciﬁc, as
will be demonstrated below. Because of the extensive vibrational
fragmentation at such high Ev (as seen from the spectra displayed
in Figs. 1 and 2), assignments of the higher overtone states are very
difﬁcult and only tentative. The problems encountered with the
assignment of the higher excited overtone states are illustrated
in Fig. 1, where portions of the calculated spectra in a window of
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Table 2
Illustration of the convergence of the calculations with increasing active space
dimension N (at varying values of the search parameters R and f), for three energy
levels, located both in the lower and higher excited energy range: (a) 2m5 at
4296.91 cm1, (b) 13m4 at 11602.4 cm1, (c) 19m4 at 16682.4 cm1.
(a)
2m5[cm1]

N

R/f

4305.298
4302.755
4297.844
4297.538
4296.935
4296.912
4296.905

3112
4932
7556
13314
16319
18889
23059

1000/109
1000/1010
1000/1011
1000/1012
1000/1013
1500/1012
1500/1013

(b)
13m4[cm1]
11605.35
11604.80
11602.83
11604.41
11603.75
11602.44

N
15962
22318
25642
33839
39111
56603

R/f
1500/109
1000/1011
1500/1010
1000/1012
1500/1011
1500/1012

(c)
19m4[cm1]
16382.56
16383.76
16381.56
16382.06

N
19040
30944
69410
130429

R/f
1000/109
1000/1010
1000/1012
1500/1012

200 cm1 width around the expected overtone eigenenergy are
displayed, for the six highest excited nm4 overtone states. The lines
assigned to the relevant overtone states have been indicated by an
arrow in the ﬁgures. It is readily seen that while at the lower overtone states 11m4, 12m4 and 13m4 the assignment is straightforward,
at the higher excited overtones 15m4, 17m4 and 19m4 there is considerable congestion of spectral lines and the assignment can only be

tentative. The assigned frequencies, resulting from our calculations
on the nm2 and nm4 overtones are summarized in Table 3. Calculated dilution factors r and vibrational fragmentation Neff = r1
of the overtone levels are also displayed in Table 3, because they
are realistic monitors of the vibrational fragmentation and IVR.
The progression nm2 in D2CO is seen to behave similarly to that
in H2CO (the fundamental is close in frequency for both molecules),
as regards the dependence of the dilution factor r on n (and Ev),
(c.f. Table 4, [25]). On the other hand, in D2CO the dilution factor
r of the nm4 progression has a different behavior with n (and Ev)
as compared to H2CO (cf. Table 4, [25]) (in D2CO the fundamental
m4 is about 20% lower in frequency, than in H2CO). Namely, our
conclusion from the results displayed in Table 4 [25] was, that
the vibrational fragmentation around nm4 in H2CO is comparatively
low (and lower than that for nm2) i.e., this mode preserves quite
good isolation from the remaining molecular vibrations, as seen
from the rather large values of the dilution factor r, persisting up
to rather high excitation levels and energies. On the contrary, it
is easily seen from Table 3 of the present work, that in D2CO the
nm4 levels have substantially smaller r values than in H2CO (at
comparable n values), which is an indication of greater vibrational
fragmentation. It is also seen from Table 3 that the fragmentation
at the nm4 overtones exceeds substantially that at the nm2 progression, i.e. the behavior of the higher excited overtones of m2 and m4 is
inverted in D2CO as compared to H2CO.
In Fig. 2 we have illustrated the spectral structure obtained
from our calculations, for three nm4 overtone levels, corresponding
to the highest overtone numbers, n = 15, 17 and 19, calculated in
this work. For each case, both the entire calculated spectrum, as
well as the ﬁne spectral distribution in a window of 50 cm1
around the relevant overtone frequency are displayed in separate
pictures. From these latter spectral images, the relevant effective
vibrational density qeff can be counted. Next, we have compared
this spectrally obtained density with the expected total level den-
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Fig. 1. Calculated spectral structures in a window of 200 cm1 around each one of the six higher nm4 overtone states, illustrating the assignment problems. The arrow
indicates the peak assigned to the relevant overtone state. Intensity=|Ci|2.
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Fig. 2. Full calculated spectra (A1, A2, A3) and corresponding spectral sections in a 50 cm1 window around the assigned overtone frequency (B1, B2, B3), for the three highest
overtones 15m4, 17m4 and 19m4, respectively, calculated in this work. N is the size of the selected active space. Intensity=|Ci|2.

Table 3
Calculated vibrational levels [in cm1] of the higher excited overtone frequencies of
the m2(C–O stretch) and m4 (out-of-plane bend) modes in S0 D2CO; r is the dilution
factor and Neff = 1/r the effective number of basis states substantially mixed with the
initial state |0i; qeff is the effectively mixed vibrational level density, counted from
the spectra displayed in Fig. 2 (B1,B2,B3) and Fig. 3 (B1,B2,B3), while qA1 and qB1 are
the estimated total level densities (anharmonic level count) of A1 and B1 symmetry
respectively.
State

Frequency

r

Neff

qeff/qB1

5m4
6m4
7m4
8m4
9m4
10m4
11m4
12m4
13m4
15m4
17m4
19m4

4612.3
5508.6
6396.6
7276.5
8149.2
9014.9
9871.8
10757.9
11602.4
13300.1
14995.7
16682.4

0.24
0.17
0.10
0.065
0.038
0.023
0.015
0.0069
0.0064
0.0051
0.0013
0.00083

4.2
5.9
10.0
15.4
26.3
43.5
66.7
144.9
156.2
196.1
769.2
1204.8

0.66
0.54
0.56

State

Frequency

r

Neff

qeff/qA1

3m2
4m2
5m2
6m2
7m2
8m2
9m2
10m2
11m2

5052.3
6700.4
8330.2
9943.1
11541.5
13128.3
14704.4
16262.5
17806.3

0.31
0.19
0.10
0.058
0.046
0.039
0.025
0.013
0.011

3.2
5.3
10.0
17.2
21.7
25.6
40.0
76.9
90.9

0.56
0.42
0.26

sity (of suitable symmetry type, qB1), computed using a conventional anharmonic vibrational level count. For the 15m4 overtone
at Ev = 13300 cm1, we obtained from the spectrum (see Fig. 2B1)
an effective level density of qeff = 0.42 l/cm1. The anharmonic level count at this Ev yields a total B1 density of qB1 = 0.64 l/cm1,

i.e. qeff/qB1 = 0.66. Next, considering the 17m4 overtone at
Ev = 14995 cm1 (Fig. 2A2 and B2), we counted from Fig. 2B2 the
effective level density to be qeff  0.62 l/cm1, while the anharmonic level count at this Ev yields a total B1 density of
qB1  1.14 l/cm1, i.e. qeff/qB1 = 0.54. Finally, considering the 19m4
overtone at Ev = 16682 cm1 (Fig. 2A3 and B3), we ﬁnd from
Fig. 2B3 that the effective level density is qeff  0.98 l/cm1, while
the anharmonic level count at this Ev yields a total B1 density of
qB1  1.75 l/cm1, i.e. in this case the portion of the spectrally
measured effective level density is about 56% (qeff/qB1 = 0.56) of
the entire available B1 vibrational level density.
Next, in Fig. 3 we have illustrated the spectral structures obtained from our calculations on the three nm2 overtone levels, corresponding to the highest overtone numbers, n = 9, 10 and 11,
accessed in this work. For each case, both the entire calculated
spectrum (Fig. 3A1–A3), as well as the ﬁne spectral distribution
in a window of 50 cm1 around the relevant overtone frequency
(Fig. 3B1–B3), are displayed in separate pictures. As above, the
effective vibrational density qeff was counted from these latter
images. For overtone state 9m2 at 14704 cm1, the effective level
density counted from Fig. 3, B1 was qeff  0.56 l/cm1. This
amounted to 56% from the available anharmonically counted A1
vibrational density of 1 l/cm1. Next, for the 10m2 state at
16262 cm1, the effective level density counted from Fig. 3B2
was qeff  0.70 l/cm1 and this amounted to 42% from the available
A1 vibrational level density of qA1  1.65 l/cm1. For the 11m2 state
at 17806 cm1 (Fig. 3B3), the effective spectrally obtained density
was qeff  0.66 l/cm1, which amounted to only 26% from the
available anharmonically counted A1 vibrational density of
qA1  2.5 l/cm1.
The obtained ratios qeff/qB1 for the 15m4, 17m4 and 19m4 overtones as well as the qeff/qA1 ratios for the 9m2, 10m2 and 11m2 overtones are displayed in the last column of Table 3. It is readily seen
that these data conﬁrm the conclusions drawn from the dilution
factors, namely that there is strong fragmentation at the higher
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Fig. 3. Full calculated spectra (A1, A2, A3) and corresponding spectral sections in a 50 cm1 window around the assigned overtone frequency (B1, B2, B3), for the three highest
overtones 9m2, 10m2 and 11m2, respectively, calculated in this work. N is the size of the selected active space. Intensity=|Ci|2.

nm4 overtones (about half the available vibrational density is involved in the vibrational mixing), while there is an increasing isolation of the nm2 states with n (a steadily decreasing portion of the
available vibrational density is involved in the vibrational mixing).
How could these observations be extrapolated to the higher excited and chemically interesting vibrational levels of S0 D2CO at
28000 cm1, that were studied by Polik et al. [30]? No deﬁnite
conclusions can be drawn about the photophysical and photochemical behavior of those levels from our present results, yet it
may be possible to trace some tendencies. In general we have
found beyond any doubt, that vibrational mixing in S0 D2CO is very
far from being complete up to vibrational excitation energies of
17000 cm1. This is especially true for the progression in the m2
mode, that displays increasing isolation with the overtone number
n, but also for the levels from the progression of the m4 mode,
where the portion of the effective (vibrationally intermixed) level
density is about half the available vibrational density and this portion does not essentially grow with the overtone number n (Table
3). Thus it is logical to expect that the restricted character of IVR
might persist up to the chemically interesting levels at
Ev  28300 cm1, accessed by Polik et al. [30]. Furthermore Waite
et al. [50] have inferred theoretically that incomplete mixing of
the out-of-plane mode with the in-plane modes and the in-plane
reaction coordinate may cause the reaction rates of individual levels to vary by at least two orders of magnitude. Indeed, the authors
[30] observed experimentally wide distributions (of about two orders of magnitude) in both the dissociation widths and nonradiative coupling matrix elements of closely located S0 vibrational
levels at Ev  28300 cm1, demonstrating that each level exhibits
speciﬁc chemical and photophysical behavior related to its individual vibrational characater.

Conclusions
In the present work we have applied on S0 D2CO our recently
developed variational procedure for calculating highly excited

vibrational energy levels in formaldehyde, that is based on a speciﬁc search/selection procedure for contraction of the huge primitive basis space and a Lanczos iteration procedure for extraction of
the required eigenvalue and eigenvector information. We employed the exact expression of the molecular vibrational kinetic
energy operator and the exact ab initio MLT quartic potential ﬁeld.
Using our vibrational procedure, we have carried out converged
high precision calculations and assignments of a large number of
S0 D2CO vibrational levels up to excess vibrational energy of about
4500 cm1. We have compared the results of these calculations
with the few existing experimentally measured frequencies as well
as with the calculated results by other authors using the same PES.
The calculated frequencies in the present work may prove useful
for future assignments of experimentally measured frequencies,
when such data for D2CO become available. Next, using our vibrational procedure, we have performed large scale calculations on a
number of highly excited states (up to 17800 cm1), belonging
to the nm2 and nm4 overtone progressions. Besides demonstrating
the possibilities of our method, it was our aim to investigate the
extent of vibrational mixing and IVR at very high Ev in S0 D2CO,
where some signs of the interesting photophysical and photochemical behavior of this molecule might start to appear. For that
purpose we have analyzed dilution factors for all calculated levels,
indicating the extent of vibrational fragmentation and IVR at the
basis states of interest. In addition, from the calculated ﬁne spectral structures we have been able to determine the magnitude of
the vibrationally coupled (effective) level density. The ratio of the
effective density to the entire available vibrational density (of
appropriate symmetry), was used as another monitor of the vibrational mixing and IVR behavior at the studied states. In general, we
have found that up to Ev  17000 cm1 IVR is not complete neither
tends to completion and there exists well expressed mode speciﬁcity. Furthermore, a deﬁnite distinction was found in the local mode
and IVR behavior of the nm2 and nm4 progressions with the overtone
number n in D2CO, as well as between the two molecules H2CO and
D2CO.
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